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Abstract
In this paper, we combine Lovelock gravity with gravity’s rainbow to construct Lovelock gravity’s rain-
bow. Considering the Lovelock gravity’s rainbow coupled to linear and also nonlinear electromagnetic 
gauge fields, we present two new classes of topological black hole solutions. We compute conserved and 
thermodynamic quantities of these black holes (such as temperature, entropy, electric potential, charge and 
mass) and show that these quantities satisfy the first law of thermodynamics. In order to study the thermal 
stability in canonical ensemble, we calculate the heat capacity and determinant of the Hessian matrix and 
show in what regions there are thermally stable phases for black holes. Also, we discuss the dependence of 
thermodynamic behavior and thermal stability of black holes on rainbow functions. Finally, we investigate 
the critical behavior of black holes in the extended phase space and study their interesting properties.
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It is important to understand the UV behavior of general relativity, and various attempts have 
been made to obtain the UV completion of general relativity such that it reduces to the gen-
eral relativity in the IR limit. This has been the main motivation behind the development of 
the Horava–Lifshitz gravity [1,2]. In the Horava–Lifshitz gravity, space and time are made to 
have different Lifshitz scaling. Thus, the Horava–Lifshitz gravity reduces to general relativity in 
the IR limit. However, its behavior in the UV limit is different from that of general relativity. 
Motivated by the development of the Horava–Lifshitz gravity, the UV completion of various ge-
ometric structures in the string theory has been studied by taking a different Lifshitz scaling for 
space and time. In fact, such a UV completion has been studied for geometries that occur in the 
type IIA string theory [3] and type IIB string theory [4]. The AdS/CFT correspondence has also 
been used for analyzing the geometries where the space and time have different Lifshitz scaling 
[5–8]. This formalism has also been applied for analyzing the UV completion of dilaton black 
branes [9,10] and dilaton black holes [11,12]. The Horava–Lifshitz gravity is based on a defor-
mation of the usual energy–momentum dispersion relation in the UV limit, such that it reduces 
to the usual energy–momentum dispersion relation in the IR limit. Such a deformation of usual 
energy–momentum dispersion in the UV limit has been observed to occur in ghost condensation 
[13] and non-commutative geometry [14,15].
There is another approach for obtaining the UV completion of general relativity based on 
the deformation of the usual energy–momentum dispersion relation in the UV limit, and this 
approach is called gravity’s rainbow [16]. In gravity’s rainbow, the geometry of spacetime is 
made energy dependent and this energy dependence of the spacetime metric is incorporated 
through the introduction of rainbow functions. It has been suggested that the deflection of light 
and gravitational red-shift can be used to test various choices of rainbow functions [17].
It has been demonstrated that for a certain choice of rainbow functions, the gravity’s rainbow 
is related to the Horava–Lifshitz gravity [18]. String theory can also be used as a motivation for 
gravity’s rainbow. This is because the background fluxes in string theory produce a noncommuta-
tive deformation of the geometry [19,20], and noncommutativity has also been used to motivate 
one of the most important rainbow functions in gravity’s rainbow [21,22]. In string field the-
ory, a tachyon field can have the wrong sign for its mass squared, and the perturbative string 
vacuum become unstable in the presence of such a tachyon field [23]. This existence of such 
an unstable perturbative string vacuum spontaneously breaks the Lorentz symmetry. It may be 
noted that a gravitational Higgs mechanism in supergravity theories also spontaneously breaks 
the Lorentz symmetry [24]. The spontaneous breaking of the Lorentz symmetry deforms the 
usual energy–momentum relations, and this in turn can be used as a motivation for introducing 
gravity’s rainbow.
In gravity’s rainbow a one-parameter family of energy dependent orthonormal frame fields 
introduced. This gives rise to a one-parameter family of energy dependent metrics as, gμν(ε) =
e
μ
a (ε)e
aν(ε) in which ε = E/Ep is dimensionless energy ratio, E is the energy of the test particle 
and EP is the Planck energy [16]. Here, the rainbow functions are used to relate these new tetrad 
fields to the usual frame fields e˜μa of general relativity, f (ε)eμ0 (ε) = e˜μ0 and g(ε)eμi (ε) = e˜μi , 
where i is the spatial index. In the IR limit, ε → 0, we have limε→0 f (ε) = limε→0 g(ε) = 1, and 
so in the IR limit one recovers the general relativity. It may be noted that if the energy E was just 
a non-dynamical parameter in the theory then we could gauge it away by rescaling. However, it 
dynamically depends on the coordinates, and it originally breaks the diffeomorphisms symmetry 
of the full metric. In fact, even the local symmetry in gravity’s rainbow is not Lorentz symmetry, 
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the Lorentz symmetry in the UV limit (similar to Horava–Lifshitz gravity) [16]. As the energy 
ε is an implicit function of the coordinates, and the rainbow functions are explicit functions of 
the energy ratio ε, they are also dynamical functions of the coordinates, and so they cannot be 
gauged away. It may be noted that for certain systems, an explicit dependence of the energy 
on the coordinates has been constructed [18]. Even though it is difficult to find such an explicit 
dependence of rainbow functions on energy for different systems, it is important to know that 
these rainbow functions are implicitly dynamical functions of the coordinates, and so they cannot 
be gauged away. Thus, these functions are expected to produce physically different results from 
general relativity [25]. In this paper, we will explicitly demonstrate that the thermodynamics of 
the rainbow deformed Lovelock black hole is different from a black hole in the usual Lovelock 
theory.
It may be noted that the rainbow functions physically change the thermodynamics of black 
holes [25]. In fact, the rainbow deformation of a black hole produces non-trivial effects like the 
existence of a black hole remnant at the last stage of the evaporation of a black hole, and this has 
been observed to have phenomenological consequences for the detection of mini black holes at 
the LHC [26]. Thus, in gravity’s rainbow, the last stages of the evaporation of a black hole is very 
different from general relativity. It has been explicitly demonstrated that such a remnant also oc-
curs for black rings [27]. In fact, it has been proposed that such a black remnant will form for all 
black objects in the gravity’s rainbow [28]. This has also been explicitly demonstrated for Kerr, 
Kerr–Newman-dS, charged-AdS, higher dimensional Kerr-AdS black holes and a black Saturn 
[28]. The black holes in the Gauss–Bonnet gravity have also been studied using gravity’s rainbow 
[29]. It was demonstrate that even though the thermodynamics of the black holes get modified in 
the Gauss–Bonnet gravity’s rainbow, the first law of thermodynamics still holds for this modified 
thermodynamics. As the Gauss–Bonnet gravity generalizes to Lovelock gravity, it is interesting 
to analyze the black hole solutions in Lovelock gravity using gravity’s rainbow. Thus, in this pa-
per, we will analyze certain aspects of black holes in Lovelock gravity using gravity’s rainbow. 
Furthermore, string theory is one of the motivations for studding gravity’s rainbow, and the low 
energy effective action for the string theory produces Lovelock gravity [30–33]. It means, in the 
context of string theory, higher curvature terms of Lovelock Lagrangian are string corrections on 
gravity side at the classical level. Thus, theoretically, it seems natural to study the effect of higher 
curvature terms in the context of gravity’s rainbow. We also extend the investigation of Lovelock 
gravity’s rainbow to the case of coupling with linear (and nonlinear) electromagnetic field. The 
Lovelock gravity coupled to different classes of the electromagnetic fields has also been stud-
ied [34–46]. It has been observed that this can have interesting phenomenological consequences 
[47]. Motivated by these subjects, we will analyze the black holes in Lovelock gravity’s rain-
bow coupled to the Maxwell field, and then extend our investigations to the case of nonlinear 
electrodynamics.
We have organized this paper as follows: First, in Sec. 2, we give a brief review of the 
proper field equations of Lovelock gravity in the presence of linear electromagnetic field, and 
then present a new class of charged black hole solutions in gravity’s rainbow formalism. After 
that, in subsection 2.1, we study the effect of rainbow functions on thermodynamic quantities 
and show that the first law of thermodynamics still holds in the context of this formalism. Also, 
in subsection 2.2, we perform a thermal stability analysis for these black holes in the canoni-
cal ensemble. Next, in Sec. 3, we extend our consideration to the case of Born–Infeld nonlinear 
electrodynamics (BI) and present a new class of charged black holes in Lovelock–BI gravity’s 
rainbow, and then investigate their thermodynamic properties. In Sec. 4, in order to complete 
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extended phase space by regarding the cosmological constant as a thermodynamical pressure. 
We finish our paper with some concluding remarks.
2. Lovelock–Maxwell gravity’s rainbow
Lovelock theory of gravity is one of the standard extensions of general relativity in higher 
dimensional spacetimes. One can consider the two first terms (zero and first term) of Lovelock 
Lagrangian to obtain a constant term related to the cosmological constant and also Ricci scalar, 
respectively. Higher curvature terms in the gravitational field equations appear as a result of 
adding the second and third terms (and also higher order terms) of Lovelock Lagrangian in 
the gravitational action. The theory obtained by considering first three terms of the Lovelock 
Lagrangian (and ignoring higher order curvature terms) is called Gauss–Bonnet gravity. Here, 
we want to expand our study to the third term (first four terms of Lovelock Lagrangian) in the 
presence of Maxwell electrodynamics; the so-called third order Lovelock–Maxwell gravity. The 
Lagrangian of the third order Lovelock–Maxwell gravity can be written as
L= α0L0 + α1L1 + α2L2 + α3L3 −F, (1)
where L0 = −2 and L1 =R are, respectively, the cosmological constant and the Ricci scalar 
and α0 = α1 = 1. The second and third order Lovelock coefficients α2 and α3 indicate the 
strength of the second and third order curvature terms. Also, L2 and L3 are, respectively, the 
Gauss–Bonnet Lagrangian and the third order Lovelock term given as
L2 = Rμνγ δRμνγ δ − 4RμνRμν +R2, (2)
L3 = 2RμνσκRσκρτRρτμν + 8RμνσρRσκντRρτμκ + 24RμνσκRσκνρRρμ
+ 3RRμνσκRσκμν − 12RRμνRμν + 24RμνσκRσμRκν + 16RμνRνσRσμ +R3. (3)
In addition, the last term of Eq. (1) is the Maxwell invariant F = FμνFμν , where Fμν =
∂μAν − ∂νAμ is the electromagnetic tensor related to the gauge potential Aμ. Using the varia-
tional principle, the electromagnetic and gravitational field equations of third order Lovelock–
Maxwell gravity can be obtained as
G(0)μν + G(1)μν +G(2)μν +G(3)μν = −
1
2
gμνF + FμλFνλ, (4)
∂μ
(√−gFμν)= 0, (5)
where the cosmological constant term and Einstein tensor are, respectively, denoted by G(0)μν =
− 12gμνL0 and G(1)μν = Rμν − 12gμνL1. In addition, G(2)μν and G(3)μν are, respectively, the second 
and third orders Lovelock tensor given as
G(2)μν = 2(RμσκτR σκτν − 2RμρνσRρσ − 2RμσRσν + RRμν)−
1
2
gμνL2, (6)
G(3)μν = −3[4RτρσκRσκλρRλντμ − 8RτρλσRσκτμRλνρκ + 2R τσκν RσκλρRλρτμ
−RτρσκRσκτρRνμ + 8RτνσρRσκτμRρκ + 8RσντκRτρσμRκρ
+ 4R τσκν RσκμρRρτ − 4R τσκν RσκτρRρμ + 4RτρσκRσκτμRνρ + 2RR κτρν Rτρκμ
+ 8RτνμρRρσRστ − 8RσντρRτσRρμ − 8RτρσμRστRνρ − 4RRτνμρRρτ
+ 4RτρRρτRνμ − 8RτνRτρRρμ + 4RRνρRρμ −R2Rνμ] −
1
gμνL3. (7)2
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black hole solutions in the context of gravity’s rainbow
dτ 2 = −ds2 = (r)
f (ε)2
dt2 − 1
g(ε)2
(
dr2
(r)2
+ r2d2k
)
, (8)
where d2k is the metric of a (d − 2)-dimensional hypersurface with constant curvature (d −
2)(d − 3)k and volume Vd−2 with the following explicit forms
d2k =
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
dθ21 +
d−2∑
i=2
i−1∏
j=1
sin2 θj dθ2i k = 1
dθ21 + sinh2 θ1dθ22 + sinh2 θ1
d−2∑
i=3
i−1∏
j=2
sin2 θjdθ2i k = −1
d−2∑
i=1
dφ2i k = 0
. (9)
Using Eq. (5) the gauge potential is obtained as follows
Aμ = −q
(d − 3)r(d−3) δ
0
μ, (10)
where q is an integration constant which is related to the electric charge. It is easy to show that 
the nonzero components of the electromagnetic tensor are
Ftr = −Frt = q
rd−2
. (11)
Here, to have a practical solutions for gravitational field equations, we consider a special 
class, in which α2 and α3 are related to each other such as α3 = α23(d−3)(d−4)(d−5)(d−6) and 
α2 = α(d−3)(d−4) . The gravitational filed equations with this condition have one real and two 
complex (conjugate) solutions for the metric function (r). The real metric function (r) has 
the following form
(r) = k + r
2
αg(ε)2
⎛
⎝1 −
[
1 + 3αm
rd−1
+ 6α
(d − 1)(d − 2) −
6αq2f (ε)2g(ε)2
(d − 2)(d − 3)r2(d−2)
] 1
3
⎞
⎠ ,
(12)
where the parameter m is an integration constant which is related to the finite mass. It is obvious 
that the obtained solutions reduce to the Lovelock–Maxwell solutions with condition f (ε) =
g(ε) = 1 (or correspondingly ε −→ 0). In order to investigate the possible curvature singularity, 
we can calculate the Kretschmann scalar. The Kretschmann scalar has the following form
Rαβγ δRαβγ δ = g(ε)4
[(
d2(r)
dr2
)2
+ 2(d − 2)
(
1
r
d(r)
dr
)2
+ 2(d − 2)(d − 3)
(
(r)− k
r2
)2]
. (13)
Inserting Eq. (12) into Eq. (13), one finds an essential singularity at the origin and for r = 0
all curvature invariants are nonsingular. Equation (13) confirms that the strengths of singularity 
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Typical values for the rainbow functions in Eq. (15): left panel: λ = 0.5
and right panel: λ = −0.5.
ε f (ε)&g(ε) ε f (ε)&g(ε)
0.00 1.00 0.00 1.00
0.10 0.95 0.10 1.05
0.50 0.80 0.50 1.33
0.90 0.69 0.90 1.82
and other finite values of curvature can be drastically affected by rainbow functions. Numerical 
calculations show that, depending on the values of parameters, the metric function has two real 
positive roots, one extreme root or it may be positive definite. Hence, obtained solutions can 
be covered with an event horizon and the solutions may be interpreted as the black holes with 
two horizons (Cauchy and event), extreme black holes or naked singularity. The asymptotical 
behavior of the solution (i.e. r → ∞) is obtained as follows
(r)|asymp. = k + r
2
αg(ε)2
(
1 −
[
1 + 6α
(d − 1)(d − 2)
] 1
3
)
, (14)
and therefore these solutions are asymptotically AdS (eff < 0), dS (eff > 0) or flat (eff =
0) with an effective energy dependent cosmological constant eff = [(d−1)(d−2)−2α]
(d−1)(d−2)g(ε)2 .
In order to study the effects of energy dependency, we have to use a specific functional form 
of the rainbow functions. There are different phenomenologically motivations for considering 
different forms of the rainbow functions. A specific form of the rainbow functions has been 
motivated from results obtained in the loop quantum gravity and noncommutative geometry [21,
22]. The hard spectra from gamma-ray burster has also been used to motivate the construction 
of a different form of rainbow functions [48]. Another interesting form of rainbow functions is 
based on the modified dispersion relations, such that the constancy of velocity of the light is not 
violated [49], and it can be explicitly written as
f (ε) = g(ε) = 1
1 + λε , (15)
where λ is an arbitrary parameter. Hereafter, we focus on Eq. (15) as a typical form of rainbow 
functions.
It may be noted that depending on the energy ratio ε, one can obtain different values for 
the rainbow functions (see Table 1). So, in this paper, we relax dynamic determination of these 
functions and analyze the behavior of the system from this set of phenomenologically motivate 
rainbow functions (motivated by the modified dispersion relation with constant velocity of light).
2.1. Thermodynamics of black holes in Lovelock–Maxwell gravity’s rainbow
This section is devoted to calculation of conserved and thermodynamic quantities, and exam-
ination of the first law of thermodynamics. At first, we use the definition of surface gravity to 
calculate the temperature
T = 1
2π
√
−1
2
(∇μχν)(∇μχν) = g(ε)4πf (ε)
d(r)
dr
∣∣∣∣ , (16)
r=r+
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T = (d − 2)kg(ε)
2r2(d−5)+
(
(d − 7)α2g(ε)4 + 3(d − 5)kαg(ε)2r2+ + 3(d − 3)r4+
)− 6r2(d−2)+ − 6q2g(ε)2f (ε)2
12π(d − 2)g(ε)f (ε)(kαg(ε)2 + r2+)2r2d−9+ .
(17)
Regarding Eq. (17), we find that black hole temperature is modified due to the presence of rain-
bow functions g(ε) and f (ε).
Entropy is an extensive quantity corresponds to the temperature as an intensive quantity. In 
higher derivative gravity the area law of entropy is not valid, generally. Therefore, we calculate it 
by Wald method which is valid in higher derivative gravity such as Lovelock gravity. It is shown 
in third order Lovelock gravity the entropy can be written as
S = 1
4
∫
dd−2x
√
g˜
(
1 + 2α2R˜ + 3α3
(
R˜μνγ δR˜μνγ δ − 4R˜μνR˜μν + R˜2
))
, (18)
where R˜μνγ δ , R˜μν and R˜ are, respectively, the Riemann tensor, the Ricci tensor and the Ricci 
scalar of the induced metric g˜μν on (d − 2)-dimensional horizon. Calculation shows that the 
modified entropy of third order Lovelock gravity is obtained as follows
S = Vd−2r
d−2+
4g(ε)d−2
(
1 + 2 (d − 2) kαg(ε)
2
(d − 4) r2+
+ (d − 2) k
2α2g(ε)4
(d − 6) r4+
)
. (19)
in which shows that the area law is valid only for the Ricci flat solutions (k = 0).
In order to establish the first law of thermodynamics for charged black holes, we have to 
calculate quantities related to the electrodynamics. First, in order to obtain its extensive quantity 
(i.e. the electric charge), we calculate the flux of the electromagnetic field at infinity. The electric 
charge is obtained as
Q = Vd−2
4π
qf (ε)
g(ε)d−3
. (20)
Now, we should calculate the electric potential of black hole solutions. Electric potential is an 
intensive quantity corresponds the electric charge, in which measured at the horizon with respect 
to infinity as a reference
 = Aμχμ
∣∣
r→∞ − Aμχμ
∣∣
r→r+ =
q
(d − 3)r(d−3)+
. (21)
The finite mass of the black hole can be obtained by using different methods that all of them 
have the same result. Using the behavior of the metric at large r (for asymptotically flat black 
hole) or counterterm method (for asymptotically AdS black hole), it is easy to show that the finite 
mass of the black hole is
M = Vd−2
16π
(d − 2)m
f (ε)g(ε)(d−1)
. (22)
Now, we rewrite the finite mass M as a function of the extended quantities (the entropy and 
electric charge). Straightforward calculations show that
M(S,Q) = (d − 2)
16πf (ε)g(ε)(d−1)
(
1
3
k3α2g(ε)6rd−7+ + k2αg(ε)4rd−5+
+ kg(ε)2rd−3+ +O+
)
, (23)
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O+ = 32π
2Q2g(ε)2(d−2)
(d − 2)(d − 3)rd−3+
− 2r
d−1+
(d − 1)(d − 2) .
Now, we use the first law of thermodynamics to define temperature and electric potential as 
the intensive parameters conjugate to the entropy and electric charge
T =
(
∂M
∂S
)
Q
=
(
∂M
∂r+
)
Q(
∂S
∂r+
)
Q
, (24)
 =
(
∂M
∂Q
)
S
=
(
∂M
∂q
)
r+(
∂Q
∂q
)
r+
. (25)
Using a complete numerical analysis, it is easy to show that Eqs. (24) and (25) coincide with 
Eqs. (17) and (21), respectively, and therefore we deduce that all intensive and corresponding 
extensive parameters satisfy the first law of thermodynamics with the following form
dM = T dS + dQ. (26)
2.2. Thermal stability of black holes in Lovelock–Maxwell gravity’s rainbow
Here, we investigate local stability of the black hole solutions in Lovelock–Maxwell gravity’s 
rainbow by using determinant of Hessian matrix. The local stability requires that the behavior 
of energy (i.e. M(S, Q)) be a convex function of its extensive quantities, S and Q. In canonical 
ensemble the electric charge is a fixed variable and so determinant of Hessian matrix is a function 
of the heat capacity as follows
HMS,S =
(
∂2M
∂S2
)
Q
= T
CQ
≥ 0. (27)
For allowed physical black hole parameters (such as positive temperature T and finite mass 
M), the positivity of the heat capacity ensures the local stability. Analytical calculations of the 
heat capacity (or determinant of the Hessian matrix) are too large and, therefore, we leave out 
the analytical results for reasons of economy and brevity, and would rather offer a more practical 
discussion with some figures. Numerical calculations for thermal analysis show that for a black 
hole with definite mass M , there always is a lower critical value for the radius of event horizon, 
r+c . The black hole temperature is always positive for r+ > r+c .
Now, we can discuss the heat capacity of black holes. Taking into account the heat capacity, 
we find that there is a critical value αc for the Lovelock parameter. In the cases of allowable 
temperature, i.e. r+ > r+c , black holes are thermally stable for large enough values of α, i.e. 
α > αc (see Fig. 1). In addition, we can find that for α < αc , there is an extreme radius for 
the event horizon (r+ext ) where in regions r+c < r+ < r+ext the heat capacity is positive and 
therefore black holes are stable. Also, there is an upper limit for the radius of event horizon (r+u) 
where in regions r+ext < r+ < r+u black holes are unstable. Finally, for regions r+ > r+u, we 
find a stable behavior for black holes (see Figs. 1–3 for more details).
S.H. Hendi et al. / Nuclear Physics B 914 (2017) 117–137 125Fig. 1. CQ versus r+ for k = 1, d = 7, q = 1, f (ε) = g(ε) = 0.9,  = −1 and α = 0.1 (dashed line), α = 0.4 (dotted 
line) and α = 0.9 (continuous line). Different scales: left panel (0 < r+ < 0.8), middle panel (0.8 < r+ < 1.8) and right 
panel (1.8 < r+ < 4).
Fig. 2. CQ versus r+ for k = 1, d = 7, q = 1, α = 0.5,  = −1 and f (ε) = g(ε) = 0.8 (dashed line), f (ε) = g(ε) = 0.9
(dotted line) and f (ε) = g(ε) = 1.1 (continuous line). Different scales: left panel (0 < r+ < 0.8), middle panel (0.8 <
r+ < 1.9) and right panel (1.5 < r+ < 5).
Fig. 3. CQ versus r+ for k = 1, q = 1, α = 0.5, f (ε) = g(ε) = 0.9,  = −1 and d = 7 (dashed line), d = 8 (dotted line) 
and d = 9 (continuous line). Different scales: left panel (0 < r+ < 0.9), middle panel (0.8 < r+ < 1.8) and right panel 
(1.5 < r+ < 6).
126 S.H. Hendi et al. / Nuclear Physics B 914 (2017) 117–1373. Lovelock–BI gravity’s rainbow
In this section, we generalize our consideration to the case of nonlinear electrodynamics 
(NED). We choose the Born–Infeld field (BI field) of NED to obtain the Lovelock–BI gravi-
ty’s rainbow black holes. To construct this theory one can replace Maxwell Lagrangian (−F)
with the BI Lagrangian L(F), which is a function of Maxwell invariant, F . The BI Lagrangian 
is
L(F) = 4β2
(
1 −
√
1 + F
2β2
)
, (28)
where β is BI parameter with the dimension of (mass)2 in natural units and as one expects, in the 
limit β → ∞, L(F) reduces to the Maxwell one (−F). Varying the following total Lagrangian 
with respect to the metric tensor gμν and gauge potential Aμ, one can obtain the gravitational 
and electromagnetic field equations.
L= α0L0 + α1L1 + α2L2 + α3L3 +L(F), (29)
where αi ’s and Li ’s are defined before. Calculations show that the proper field equations are
G(0)μν + G(1)μν +G(2)μν +G(3)μν =
1
2
gμνL(F)− 2FμλFνλLF , (30)
∂μ
(√−gLFFμν)= 0, (31)
where LF = dL(F)dF , and G(i)μν ’s are defined in section 2. In order to study Lovelock–BI gravity’s 
rainbow, we use the defined rainbow metric (Eq. (8)), and find the gauge potential and the metric 
function as
Aμ = −q
(d − 3)rd−3 H(η)δ
0
μ, (32)
BI (r) = k + r
2
αg(ε)2
(
1 −
[
1 + 3αm
rd−1
+ 6α
(d − 1)(d − 2)
− 12αβ
2
(d − 1)(d − 2)
(
1 −√1 + η + (d − 2)
(d − 3)ηH(η)
)] 13⎞⎠ , (33)
where
H(η) = 2F1
([
1
2
,
d − 3
2(d − 2)
]
,
[
3d − 7
2(d − 2)
]
,−η
)
,
η = q
2f (ε)2g(ε)2
β2r2(d−2)
,
in which H(η) is a hypergeometric function, and in the limit β → ∞ the obtained gauge potential 
and metric function reduce to those of the Maxwell gauge potential and Lovelock–Maxwell 
metric function (Eqs. (10) and (12)), respectively. The Kretschmann scalar diverges only at r = 0
for the new solutions, and therefore, there is an essential singularity at the origin. It is notable that 
the mentioned singularity can be covered with an event horizon and thus one can interpret the 
singularity as a black hole. It was shown that for nonlinearly charged black holes, depending on 
the values of α and β , the metric function may have two different behaviors; Reissner–Nordström 
S.H. Hendi et al. / Nuclear Physics B 914 (2017) 117–137 127Fig. 4. Eq. (33): BI (r) versus r for k = 1, d = 7, q = 10, α = 0.5, β = 0.4, M = 5 and  = −1. Left panel: f (ε) = 1
with g(ε) = 0.82 (dashed line), g(ε) = 1 (dotted line), g(ε) = 1.09 (continuous line) and g(ε) = 1.2 (bold line). Right 
panel: g(ε) = 1 with f (ε) = 0.82 (dashed line), f (ε) = 1 (dotted line), f (ε) = 1.15 (continuous line) and f (ε) = 1.3
(bold line).
like and Schwarzschild-like (for more details see [50,51]). In addition, for large values of r , these 
solutions reduce to previous Maxwell case, and therefore, the nonlinearity parameter does not 
change the asymptotical behavior.
In order to investigate the effect of rainbow functions on the metric, we plot Fig. 4. According 
to this figure, one finds that both f (ε) and g(ε) not only affect the location of event horizon, but 
also their values characterize the type of horizon. In other words, decreasing rainbow functions 
leads to increasing the event horizon. In addition, regarding different values of rainbow functions, 
one can obtain timelike singularity with two horizons, an extreme horizon or naked singularity. 
Also there is a minimum value of rainbow function, in which for its lower values, singularity will 
be spacelike with a non-extreme event horizon.
3.1. Thermodynamics of black holes in Lovelock–BI gravity’s rainbow
Here, we are going to check the first law of thermodynamics for the black hole solutions in 
Lovelock–BI gravity’s rainbow. At the first step, we calculate the conserved and thermodynamic 
quantities. Surface gravity interpretation leads to the following Hawking temperature
T = (d − 2)kg(ε)
2 [(d − 7)α2g(ε)4 + 3(d − 5)kαg(ε)2r2+ + 3(d − 3)r4+]+6 (−+ 2β2) r6+ − 12β2√1 + η+r6+
12π(d − 2)g(ε)f (ε)(kαg(ε)2 + r2+)2 .
(34)
According to Eq. (34), we find that rainbow functions affect the Hawking temperature of the 
black holes. In addition, based on Fig. 5, one finds that changing rainbow functions affect the 
value of temperature and also increasing g(ε) (or decreasing f (ε)) leads to increasing the root 
of T . It is notable that the root of temperature is a bond point for the radius of event horizon, in 
which there is no physical black hole with horizon radius smaller than such bond point.
128 S.H. Hendi et al. / Nuclear Physics B 914 (2017) 117–137Fig. 5. Eq. (34): T versus r+ for k = 1, d = 7, q = 10, α = 0.5, β = 0.05 and  = −1. Left panel: f (ε) = 1 with 
g(ε) = 0.8 (dashed line), g(ε) = 1 (dotted line) and g(ε) = 1.2 (continuous line). Right panel: g(ε) = 1 with f (ε) = 0.8
(dashed line), f (ε) = 1 (dotted line) and f (ε) = 1.2 (continuous line).
Entropy of the black hole can be calculated as the previous relationship which leads to the 
same relation as Eq. (19). The electric potential and charge of the black hole solutions are ob-
tained as
 = Aμχμ
∣∣
r→∞ − Aμχμ
∣∣
r→r+ =
q
(d − 3)rd−3+
H(η+), (35)
Q = Vd−2
4π
qf (ε)
g(ε)d−3
. (36)
Since the finite mass of the solutions is the same as that of Sec. 2, we can find the black hole 
mass as a function of the entropy and electric charge as
M(S,Q) = (d − 2)
16πf (ε)g(ε)d−1
(
1
3
k3α2g(ε)6rd−7+ + k2αg(ε)4rd−5+ + kg(ε)2rd−3+ ++
)
,
(37)
where
+ = 4β
2rd−1+
(d − 1)(d − 2)
(
1 −√1 + ς+ + (d − 2)
(d − 3)ς+H(ς+)
)
− 2r
d−1+
(d − 1)(d − 2) ,
and
ς+ = 16π
2Q2g(ε)2(d−2)
β2r2(d−2)+
.
Now, we are in a position to check the first law of thermodynamics. By computing ∂M/∂r+, 
∂S/∂r+ and ∂Q/∂r+ and using chain rule, one can show that the following quantities
T =
(
∂M
∂S
)
,  =
(
∂M
∂Q
)
, (38)Q Q
S.H. Hendi et al. / Nuclear Physics B 914 (2017) 117–137 129Fig. 6. CQ versus r+ for k = 1, d = 7, q = 10, f (ε) = g(ε) = 0.9, α = 0.5,  = −1 and β = 0.01 (dashed line), β = 0.05
(dotted line) and β = 0.15 (continuous line). Different scales: left panel (0.1 < r+ < 0.8), middle panel (0.8 < r+ < 2) 
and right panel (1.8 < r+ < 4).
are the same as the temperature and electric potential given in Eqs. (34) and (35), respectively. So, 
the obtained thermodynamic and conserved quantities satisfy the first law of thermodynamics, 
dM = T dS +dQ.
3.2. Thermal stability of black holes in Lovelock–BI gravity’s rainbow
Taking into account thermodynamic quantities, we are in a position to investigate the local 
stability of black hole solutions in Lovelock–BI gravity’s rainbow. As we have mentioned before 
in Sec. 2.2, the local stability requires that the behavior of energy (i.e. M(S, Q)) be a convex 
function of its extensive quantities S and Q, and the positivity of the heat capacity guarantees the 
local stability in the canonical ensemble. Here, we continue our discussion of thermal stability 
with numerical analysis again. The only difference between this case and the case of Lovelock–
Maxwell gravity’s rainbow is adding the nonlinearity. In this case, the nonlinearity parameter 
affects the value of r+c. Calculations show that regardless of the values of β , there is always 
an unstable phase of black hole solutions for α < αc. So as before, there are two limits for the 
small enough values of α, in which black holes are unstable for r+ext < r+ < r+u. Also, Nu-
merical calculations for thermal analysis show that the black hole temperature is always positive 
for r+ > r+c depending on the parameter β . Therefore, stability condition for α < αc shows that 
the heat capacity is positive for r+c < r+ < r+ext and thus black holes are thermally stable in 
this region. Furthermore, for r+ > r+u, we find a stable phase for black holes again. Finally, 
it is worthwhile to mention that for r+ > r+c and α > αc , calculations show a thermally sta-
ble phase for the black hole solutions of Lovelock–BI gravity’s rainbow (see Fig. 6 for more 
details).
For the sake of completeness, we plot Figs. 7 and 8 to investigate the effects of rainbow 
functions on thermal stability of the solutions. Left panels of these figures indicate the root of 
heat capacity which is coincident with the place of vanishing temperature. In addition, these 
figures show that there is a minimum value for the rainbow functions (fmin(ε) and gmin(ε)) 
which separates two different behaviors. In other words, black holes are thermally stable for 
f (ε) < fmin(ε) (g(ε) < gmin(ε)). Otherwise for f (ε) > fmin(ε) (g(ε) > gmin(ε)) there are 
two divergences for the heat capacity which indicate a phase transition. It is notable that the 
values of fmin(ε) and gmin(ε) can be numerically calculated as functions of other parame-
ters.
130 S.H. Hendi et al. / Nuclear Physics B 914 (2017) 117–137Fig. 7. CQ versus r+ for k = 1, d = 7, q = 10, α = 0.5, β = 1,  = −1, f (ε) = 1 and g(ε) = 0.9 (dashed line), 
g(ε) = 1 (dotted line) and g(ε) = 1.1 (continuous line). Different scales: left panel (0 < r+ < 1.5) and right panel 
(1.5 < r+ < 4.5).
Fig. 8. CQ versus r+ for k = 1, d = 7, q = 10, α = 0.5, β = 1,  = −1, g(ε) = 1 and f (ε) = 0.9 (dashed line), 
f (ε) = 1 (dotted line) and f (ε) = 1.1 (continuous line). Different scales: left panel (0 < r+ < 1.5) and right panel 
(1.5 < r+ < 4.5).
4. PV critically of Lovelock gravity’s rainbow
In order to study the critical behavior of black holes in the extended phase space, we treat 
the cosmological constant as a thermodynamics pressure. In other words, we do not work in a 
fixed AdS or dS background. In fact, the cosmological constant is not a constant anymore, but a 
variable. According to the AdS/CFT correspondence, of interesting case is asymptotically AdS 
black holes, and in this section, we consider AdS black holes with spherically topological hori-
zons (there is not any phase transition for k = 0 and k = −1 in this gravity model). If we treat the 
negative cosmological constant proportional to thermodynamic pressure, its conjugate quantity 
will be thermodynamic volume. This new assumption has considered by many authors in recent 
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Lovelock–Maxwell solutions: k = 1, q = 1, f (ε) = 0.9, g(ε) = 0.9 and d = 7.
α Vc Tc Pc
PcVc
Tc
0.0010 0.9223 0.4800 0.1858 0.3571
0.0100 0.9505 0.4681 0.1792 0.3639
0.1000 1.2680 0.3784 0.1303 0.4366
0.5000 4.7578 0.2205 0.0516 1.1134
0.9000 18.2741 0.1664 0.0299 3.2801
years (see [52–65] and references therein). Already, using scaling argument, it has shown that 
the Smarr relation is consistent with first law of thermodynamics by assuming the cosmological 
constant as a thermodynamic variable [61,46,66–68]. Generalization of extended phase space 
thermodynamics to higher derivative gravity theories and investigation of triple points, reentrant 
phase transitions and equal area law have been studied before [43,44,69–79]. Here, we are going 
to study the phase transition and critical behavior of black hole solutions in a more complicated 
gravitational background, i.e. for our interest, Lovelock gravity’s rainbow. In the geometric units 
GN = h¯ = c = kB = 1, one can identify the cosmological constant with the pressure as
P = − 
8π
= (d − 1)(d − 2)
16π2
. (39)
It was seen that by considering the cosmological constant as thermodynamic pressure, the 
black hole mass M can be explained as enthalpy rather than internal energy of the system, i.e. 
M = H [66–68], and so the Gibbs free energy will be in the form of G = M − T S. Using the 
chain rule, thermodynamic volume of black hole is obtained as
V =
(
∂H
∂P
)
Xi
=
(
∂M
∂P
)
Xi
= wd−2r
d−1+
(d − 1)f (ε)g(ε)d−1 , (40)
where Xi denotes all other extensive quantities and wd−2 = Vd−2|k=1 is the volume of (d −
2)-dimensional unit sphere (see Eq. 9 with k = 1). The critical point in an isothermal P − V
diagram is an inflection point, and therefore, it can be obtained from the following equations(
∂P
∂V
)
T
= 0, (41)
(
∂2P
∂V 2
)
T
= 0. (42)
Investigation of the critical behavior is not possible, analytically, and so we have to use nu-
merical analysis. In order to study the mentioned critical behavior, we present various tables 
and figures. It is worthwhile to mention that the characteristic swallow-tail form of G − T dia-
grams, inflection point of isothermal P − V plots and also subcritical isobar of T − V diagrams 
guarantee the existence of the phase transition. The associated P − V , T − V and G − T dia-
grams for both types of the obtained black hole solutions (Lovelock–Maxwell and Lovelock–BI) 
are displayed and the related critical points are obtained in various tables. The effects of higher 
derivative Lovelock gravity, nonlinearity parameter of BI theory and rainbow functions are evi-
dent in presented tables and figures.
In Figs. 9–14 we show the critical behavior of the system in both Lovelock–Maxwell and 
Lovelock–BI gravity’s rainbow. Also, we present five tables to investigate the effects of various 
132 S.H. Hendi et al. / Nuclear Physics B 914 (2017) 117–137Fig. 9. Lovelock–Maxwell gravity’s rainbow: P − V (left), T − V (middle) and G − T (right) diagrams for k = 1, 
d = 7, q = 1, f (ε) = g(ε) = 0.9 and α = 0.1. Left panel: T < Tc (continuous line), T = Tc (dotted line) and T > Tc
(dashed line). Middle and right panels: P < Pc (continuous line), P = Pc (dotted line) and P > Pc (dashed line).
Fig. 10. Lovelock–Maxwell gravity’s rainbow: P − V for T < Tc (left), T − V for P < Pc (middle) and G − T for 
P < Pc (right) diagrams for k = 1, d = 7, q = 1, f (ε) = g(ε) = 0.9, and α = 0.1 (continuous line), α = 0.5 (dotted line) 
and α = 0.9 (dashed line).
Fig. 11. Lovelock–BI gravity’s rainbow: P − V (left), T − V (middle) and G − T (right) diagrams for k = 1, d = 7, 
q = 1, f (ε) = g(ε) = 0.9 and α = 0.5, β = 0.5. Left panel: T < Tc (continuous line), T = Tc (dotted line) and T > Tc
(dashed line). Middle and right panels: P < Pc (continuous line), P = Pc (dotted line) and P > Pc (dashed line).
S.H. Hendi et al. / Nuclear Physics B 914 (2017) 117–137 133Fig. 12. Lovelock–BI gravity’s rainbow: P − V for T < Tc (left), T − V for P < Pc (middle) and G − T for P < Pc
(right) diagrams for k = 1, d = 7, q = 1, f (ε) = g(ε) = 0.9, α = 0.1, and β = 0.1 (continuous line), β = 0.5 (dotted 
line) and β = 5 (dashed line).
Fig. 13. Lovelock–BI gravity’s rainbow: P − V for T < Tc (left), T − V for P < Pc (middle) and G − T for P < Pc
(right) diagrams for k = 1, d = 7, q = 1, α = 0.5, β = 0.05, f (ε) = 1 and g(ε) = 0.8 (continuous line), g(ε) = 1 (dotted 
line) and g(ε) = 1.2 (dashed line).
Fig. 14. Lovelock–BI gravity’s rainbow: P − V for T < Tc (left), T − V for P < Pc (middle) and G − T for P < Pc
(right) diagrams for k = 1, d = 7, q = 1, α = 0.5, β = 0.05, g(ε) = 1 and f (ε) = 0.8 (continuous line), f (ε) = 1 (dotted 
line) and f (ε) = 1.2 (dashed line).
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Lovelock–Maxwell solutions: k = 1, q = 1, f (ε) = 0.9, g(ε) = 0.9 and α = 0.5.
d Vc Tc Pc
PcVc
Tc
7 4.7578 0.2205 0.0516 1.1134
8 3.8650 0.2886 0.0872 1.1674
9 3.2021 0.3579 0.1333 1.1932
10 2.7139 0.4282 0.1907 1.2087
Table 4
Lovelock–Maxwell solutions: k = 1, q = 1, g(ε) = 0.9, d = 7 and α = 0.5.
f (ε) Vc Tc Pc
PcVc
Tc
0.6 5.7837 0.3331 0.05277 0.9163
0.8 4.9952 0.2487 0.0520 1.0445
1.0 4.5803 0.1980 0.0512 1.1846
1.2 4.3399 0.1642 0.0504 1.3327
Table 5
Lovelock–Maxwell solutions: k = 1, q = 1, f (ε) = 0.9, d = 7 and α = 0.5.
g(ε) Vc Tc Pc
PcVc
Tc
0.6 21.1861 0.2036 0.0410 4.2655
0.8 6.6801 0.2176 0.0495 1.5193
1.0 3.8300 0.2221 0.0528 0.9106
1.2 3.1450 0.2232 0.0537 0.7572
Table 6
Lovelock–BI solutions: k = 1, q = 1, f (ε) = 0.9, g(ε) = 0.9, d = 7 and α = 0.5.
β Vc Tc Pc
PcVc
Tc
0.01000 2.9612 0.2234 0.0539 0.7144
0.05000 3.2919 0.2222 0.0530 0.7851
0.10000 3.8407 0.2213 0.0523 0.9069
0.50000 4.7025 0.2206 0.0516 1.1009
1.00000 4.7439 0.2206 0.0516 1.1102
parameters on the critical point. According to these figures and related tables we find that the 
Lovelock parameter (α), nonlinearity parameter (β), dimensionality (d) and rainbow functions 
affect the critical point, significantly. In addition, variation of these parameters can change the 
near universal ratio PcVc
Tc
, considerably (see Tables 2–6 for more details).
Regarding Figs. 13 and 14 with Tables 4 and 5, we can find the effects of changing rainbow 
functions with more details. Based on Fig. 13 and Table 5, we find that the critical values of 
pressure and temperature (volume) increase (decreases) by increasing g(ε). While Fig. 14 and 
Table 4 show that increasing f (ε) leads to decreasing all critical values. Looking at the relation 
PcVc
Tc
, we find that it is an increasing function of f (ε), as opposed to increasing g(ε) where such 
ratio is a decreasing function. Therefore, one can adjust the values of these parameters to cancel 
the effects of all free parameters and obtain the universal ratio.
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In this paper, we have analyzed the thermodynamics of black holes in Lovelock gravity’s 
rainbow. We have obtained black hole solutions for both Lovelock–Maxwell and Lovelock–
BI gravity’s rainbow theories with different horizon topologies. We have also found that the 
asymptotical behavior of the solutions may be (a)dS or flat with an effective energy depen-
dent cosmological constant. We have calculated conserved and thermodynamic quantities in 
the energy dependent background and found that although rainbow functions may change these 
quantities, the first law of thermodynamics is valid. In addition, we have examined thermal sta-
bility of the solutions in the context of canonical ensemble. We have shown depending on the 
chosen parameters, there is a critical horizon radius (r+u), in which for r+ > r+u the black holes 
are thermally stable.
At last, we have investigated the critical behavior and phase transition in the extended phase 
space by considering the proportionality between  and pressure. We have studied the effects 
of α, β , d and rainbow functions on the critical values and found that they can change critical 
point, significantly. In other words, we have shown that in addition to Lovelock and nonlinearity 
parameters, rainbow functions affect thermodynamic nature of the black hole. We have found 
that depending on the values of rainbow functions, a phase transition can occur. While one could 
adjust rainbow functions to obtain thermally stable black holes. In brief, we should note that 
rainbow functions affect various aspects of a black hole such as: strength of curvature and singu-
larity, place and type of event horizon, asymptotical behavior, thermodynamic quantities, thermal 
stability and existence of phase transition.
It may be noted that various interesting systems have been analyzed using Lovelock gravity. 
The quasinormal modes of black holes in Lovelock gravity has been studied [80]. In this study, 
the WKB method was applied for analyzing the quasinormal frequencies Lovelock gravity. It 
would be interesting to analyze the quasinormal modes of black holes in Lovelock gravity’s rain-
bow. It is expected that the choice of the rainbow functions will effect the behavior of these 
quasinormal modes. A scalar-tensor version of Lovelock theory with a non-trivial higher order 
galileon term involving the coupling of the Lovelock two tensor with derivatives of the scalar 
galileon field has been construed [81]. It would be interesting to construct this theory using 
Lovelock gravity’s rainbow, and then use it for analyzing black hole solutions. It has also been 
demonstrated that a black remnant forms in gravity’s rainbow [25], and this has important phe-
nomenological consequences for the detection of mini black holes at the LHC [26]. It would be 
interesting to investigate the formation of such black remnants in Lovelock gravity’s rainbow. In 
fact, it has been demonstrated that such remnants will form for all black objects in usual gravi-
ty’s rainbow [28]. It will be interesting to investigate if such a result holds for all black holes in 
Lovelock gravity’s rainbow.
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